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In this paper, we consider the approximations of an iterative process for
asymptotically k-strict pseudocontractive mappings in Hilbert spaces. Finally, we
present some examples to study the rate of convergence.
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1 Preliminaries
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk
[] in . They proved that if C is a nonempty bounded, closed and convex subset of a
uniformly convex Banach space E, then every asymptotically nonexpansive self-mapping
T of C has a ﬁxed point. Further, the set F(T) of ﬁxed points of T is closed and convex. In
[], Zegeye et al. introduced a class of Lipschitz pseudocontractive mappings in a Banach
space. Since then, the weak and strong convergence problems of the iterative algorithms
for such a class of mappings have been studied by several researchers under suitable con-
ditions (see Yao et al. [] and []; Thakur et al. [, ]; Dewangan et al. [, ]; Zegeye and
Shahzad []; Jung []). Also, the class of nonexpansive mappings via iteration methods
was extensively studied (see Tan and Xu []; Thakur et al. []).
In , Ceng et al. [] considered the following concept of asymptotically k-strict
pseudocontractive type mapping in the intermediate sense in a Hilbert space H. For an
asymptotically k-strict pseudocontractive type mapping T with sequence {γn}, Ceng et al.
proved that the Mann iteration sequence converges weakly to a ﬁxed point of T .
In this paper, based on [], the convergence of the iteration approximation of asymp-
totically k-strict pseudocontractive typemappings in a Hilbert space is studied. Finally, we
study the rate of convergence of the iteration. Also, some illustrative numerical examples
(using Matlab software) are presented.
We need the following deﬁnitions and lemmas for the main results.
Deﬁnition . [] LetB be a nonempty subset of aHilbert spaceH. AmappingT : B→ B
is called an asymptotically k-strict pseudocontractive type mapping in the intermediate
sense with sequence {γn} if there exists a constant k ∈ [, ) and a sequence {γn} in [,∞)
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∥∥ – ( + γn)‖x – y‖
– kmax




∥∥x – Tnx +
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y – Tny
)∥∥}) ≤ . (.)






∥∥ – ( + γn)‖x – y‖
– kmax










Then n ≥  (∀n≥ ), n →  (n→ ∞), and (.) reduces to the relation
∥∥Tnx – Tny
∥∥
≤ ( + γn)‖x – y‖ + kmax








for all x, y ∈ B and n≥ .
Lemma . [] Suppose that {δn}, {βn} and {γn} are three sequences of nonnegative num-
bers satisfying the recursive inequality
δn+ ≤ βnδn + γn, ∀n≥ ,
if βn ≥ , ∑∞n=(βn – ) <∞ and
∑∞
n= γn <∞, then limn→∞ δn exists.
Lemma . [] Assume that {an} is a sequence of nonnegative numbers such that
an+ ≤ ( – αn)an + δn, n≥ ,
where {αn} is a sequence in (, ) and {δn} is a sequence of real numbers such that
(I) limn→∞ αn =  and
∑∞
n= αn =∞;
(II) lim supn→∞ δnαn ≤  or
∑∞
n= |δn| <∞.
Then limn→∞ an = .
Lemma . [] Let X be a uniformly convex Banach space, {tn} be a sequence of real
numbers in (, ) bounded away from  and , and {xn} and {yn} be sequences of X such
that lim supn→∞ ‖xn‖ ≤ a, lim supn→∞ ‖yn‖ ≤ a and lim supn→∞ ‖tnxn + ( – tn)yn‖ = a for
some a≥ , then limn→∞ ‖xn – yn‖ = .
Lemma . [] Let {xn} be a bounded sequence on a reﬂexive Banach space X. If
ww({xn}) = {x}, then xn ⇀ x.
Lemma . [] LetH be a real Hilbert space.
(i) ‖x – y‖ = ‖x‖ – ‖y‖ – ≺x – y, y
 for all x, y ∈H;
(ii) ‖( – t)x + ty‖ = ( – t)‖x‖ + t‖y‖ – t( – t)‖x – y‖ for all t ∈ [, ] and for all
x, y ∈H;
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(iii) If {xn} is a sequence inH such that xn ⇀ x, it follows that
lim sup
n→∞
‖xn – y‖ = lim sup
n→∞
‖xn – x‖ + ‖x – y‖, ∀y ∈H.
Lemma . [] Let B be a nonempty subset of a Hilbert space H and T : B → B be an
asymptotically k-strict pseudocontractive type mapping in the intermediate sense with se-
quence {γn}. Then
∥∥Tnx – Tny
∥∥ ≤  – k
(
k‖x – y‖ +
√(
 + ( – k)γn
)‖x – y‖ + ( – k)hn(x, y)
)
for all x, y ∈ B and n≥ ,where hn(x, y) = k‖y–Tny‖‖x–Tnx+y–Tny‖+n. In particular,




∥ ≤  – k
(
k‖x – q‖ +
√(
 + ( – k)γn
)‖x – q‖ + ( – k)n
)
for all x ∈ B, q ∈ F(T) and n≥ .
Lemma . [] Let B be a nonempty subset of a Hilbert space H and T : B → B be
a uniformly continuous asymptotically k-strict pseudocontractive type mapping in the
intermediate sense with sequence {γn}. Let {xn} be a bounded sequence in B such that
‖xn – xn+‖ →  and ‖xn – Tnxn‖ →  as n → ∞. If F(T) = φ, then ‖xn – Txn‖ →  as
n→ ∞.
Proposition . [] Let B be a nonempty, closed and convex subset of a Hilbert space
H and T : B → B be a continuous asymptotically k-strict pseudocontractive type map-
ping in the intermediate sense with sequence {γn} such that F(T) = φ. Then I – T is
demiclosed at zero in the sense that if {xn} is a sequence in B such that xn ⇀ x ∈ B and
lim supm→∞ lim supn→∞ ‖xn – Tmxn‖ = , then (I – T)x = .
2 Semigroup
Let B be a nonempty and closed subset of a Hilbert space H and I : B → B be an identity
mapping.
A one-parameter family ζ = {T(t) : ≤ t <∞} from self-mappings of a nonempty closed
convex subset B of a Hilbert space H is said to be a nonexpansive semigroup on B if the
following conditions are satisﬁed:
(I) T()x = x for all x ∈ B;
(II) T(s + t)x = T(s)T(t)x for all x ∈ B and s, t ≥ ;
(III) For each x ∈ B, the mapping t → T(t)x is continuous on [,∞);
(IV) ‖T(t)x – T(t)y‖ ≤ ‖x – y‖ for all x, y ∈ B.
We denote by Fix(ζ ) the set of all common ﬁxed points of ζ ; that is, Fix(ζ ) = {x ∈ B :
T(s)x = x,∀s > }. Fix(ζ ) is nonempty if B is bounded.
Lemma . [] Let B be a nonempty, bounded, closed and convex subset of H and ζ =
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xn, = ( – βn,)xn + βn, tn
∫ tn
 φ(s)un ds,
xn, = ( – βn,)xn + βn,Tn xn,,
...
xn,m = ( – βn,m–)xn + βn,m–Tnm–xn,m–,
xn+ = ( – βn,m)ψ(xn) + βn,mTnmxn,m,
(.)
where {βn,i}, i = , . . . ,m, are the sequences in (, ) such that the following conditions are
satisﬁed:
()  < lim infn→∞ βn,i ≤ lim supn→∞ βn,i < .
() Ti : B→ B are uniformly continuous asymptotically ki-strict pseudocontractive type
mappings in the intermediate sense with sequences {γn,i} if there exist constants
ki ∈ [, ) and sequences {γn,i} in [,∞) with limn→∞ γn,i =  for i = , . . . ,m such
that
∥∥Tni x – Tni y
∥∥
≤ ( + γni)‖x – y‖
+ ki max
{∥∥x – Tni x –
(
y – Tni y
)∥∥,
∥∥x – Tni x +
(
y – Tni y
)∥∥} +ni,
for i = , . . . ,m and for all x, y ∈ B, n≥ .
() ψ is a contractive mapping on B with coeﬃcient λ.
() ζ = {φ(t) : ≤ t <∞} is a nonexpansive semigroup on B.
() {tn} ⊂ [, +∞) is a positive real divergent sequence.
Now, we prove that the sequence {xn} generated by (.) is weakly convergent in a Hilbert
spaceH.
Theorem. Let B be a nonempty, closed and convex subset of a realHilbert spaceH. Sup-
pose that Ti : B → B are uniformly continuous asymptotically ki-strict pseudocontractive




n= γni <∞ and {xn} is a sequence deﬁned by (.). If F =
⋂m
i= F(Ti)∩F(ψ)∩
F(ξ ) = φ, then
() limn→∞ ‖xn – q‖ exists for all q ∈ F ;
() limn→∞ ‖xn – un‖ =  and limn→∞ ‖xn – Tixn‖ =  (i = , . . . ,m);
() The sequence {xn} is weakly convergent to q ∈ F .
Proof By the Hölder inequality,


















for ≤ j ≤ n,
∥∥Tjxn – q
∥∥ ≤ ( + γj)‖xn – q‖ + k
∥∥xn – Tjxn
∥∥ +j.
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∥ – ≺xn – Tjxn,Tjxn
,
since ≺xn – Tjxn,Tjxn
 ≥ ,
∥∥Tjxn – q









 + γj + k
)
‖xn – q‖ + j + k .
By process (.), we get
‖un – q‖ ≤ n(n + )
(






≤ n(n + )
(




 + γj + k
)
‖xn – q‖ + j + k
))
≤ n(n + )( +
ςn
+k )








 + ςn + k
)
‖xn – q‖ + υn + k , (.)
where ςn = max{γj, ≤ j ≤ n} and υn = max{j, ≤ j ≤ n}. By process (.) and inequality
(.),
‖xn, – q‖ =
∥∥
















































≤ ( – βn,)‖xn – q‖ + βn,‖un – q‖













≤ ( – βn,)‖xn – q‖ + βn,
[
ρ‖xn – q‖ + σ
]
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where ρ =  + ςnk+ and σ =
υn
k+ . For ≤ i≤m,
‖xn,i – q‖ =
∥∥( – βn,i–)xn + βn,i–Tni–xn,i– – q
∥∥














 + γni– + ki–
)
‖xn,i– – q‖ + ni– + ki– . (.)
Let ρi =  + γni+ki and σi =
ni
+ki for i = , . . . ,m,
‖xn,i – q‖ ≤ ( – βn,i–)‖xn – q‖ + βn,i–
[
ρi–‖xn,i– – q‖ + σi–
]






‖xn,m – q‖ ≤ ( – βn,m–)‖xn – q‖ + βn,m–
[
ρm–‖xn,m– – q‖ + σm–
]









( – βn,m–)‖xn – q‖
+ βn,m–
[
ρm–‖xn,m– – q‖ + σm–
]










‖xn,m – q‖ ≤
{





( – βn,m–) + βn,m–ρm–
[· · · [· · · [( – βn,)
+ βn,ρ
[
( – βn,) + βn,ρ
]] · · · ]}‖xn – q‖
+ βn,m–σm– + βn,m–βn,m–ρm–σm–
+ βn,m–βn,m–βn,m–ρm–ρm–σm–
+ · · ·
+ βn,m–βn,m– · · ·βn,ρm–ρm– · · ·ρσ, (.)
so
‖xn,m – q‖ ≤ μn‖xn – q‖ + ηn, (.)
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where





( – βn,m–) + βn,m–ρm–
[· · · [· · · [( – βn,)
+ βn,ρ
[
( – βn,) + βn,ρ
]] · · · ],
and
ηn = βn,m–σm– + βn,m–βn,m–ρm–σm–
+ βn,m–βn,m–βn,m–ρm–ρm–σm–
+ · · ·
+ βn,m– · · ·βn,ρm–ρm– · · ·ρσ.
By process (.),









– βn,m( – βn,m)
∥∥ψ(xn) – Tnmxn,m
∥∥
≤ ( – βn,m)λ‖xn – q‖ + βn,m
[
ρm‖xn,m – q‖ + σm
]





by inequalities (.) and (.)
‖xn+ – q‖ ≤
[
( – βn,m)λ + βn,mρmμn
]‖xn – q‖ + βn,m(ρmηn + σm). (.)
Since limn→∞[( – βn,m)λ + βn,mρmμn] ≤  and limn→∞ βn,m(ρmηn + σm) = , by
Lemma . we deduce that limn→∞ ‖xn – q‖ = h exists for some h > .
By inequality (.), lim supn→∞ ‖xn,m – q‖ ≤ h, also by inequality (.), since
‖xn+ – q‖ – ‖xn – q‖ + βn,m‖xn – q‖
βn,mρm
≤ ‖xn,m – q‖ + σm
ρm
,
then h≤ lim infn→∞ ‖xn,m – q‖ and limn→∞ ‖xn,m – q‖ = h.
By the same argument, limn→∞ ‖xn,i – q‖ = h for i = , . . . ,m – . By process (.),
lim
n→∞‖xn,i – q‖ = limn→∞




and by inequality (.), limn→∞ ‖Tni xn,i – q‖ ≤ h, then by Lemma ., limn→∞ ‖xn –
Tni–xn,i–‖ =  for i = , . . . ,m.
Now, we show ‖xn – Tni–xn‖ →  for i = , . . . ,m, by process (.),




∥ →  as n→ ∞,
also
∥∥xn – Tni–xn
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≤  – ki–
× (ki–‖xn – xn,i–‖ +
√(
 + ( – ki–)γni–
)‖xn – xn,i–‖ + ( – ki–)hn(xn,xn,i–)
)
,






























≤ ( – βn,i–)
[





























































itmeans that ‖xn,i– –Tni–xn,i–‖ → , hn(xn,xn,i–)→ , ‖Tni–xn–Tni–xn,i–‖ →  and ‖xn–
Tni–xn‖ →  for i = , . . . ,m. Since
lim















n→∞λ‖xn – q‖ ≤ h,
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by inequality (.), limn→∞ ‖Tnmxn,m–q‖ ≤ h, by Lemma ., limn→∞ ‖ψ(xn)–Tnmxn,m‖ = .
Since
∥∥xn+ – Tnmxn,m
∥∥ = ( – βn,m)
∥∥ψ(xn) – Tnmxn,m
∥∥,
then limn→∞ ‖xn+ – Tnmxn,m‖ = .
We show ‖xn – Tnmxn‖ →  and ‖xn+ – xn‖ → . We have




∥∥ + ‖xn,m – xn‖,
by the same argument
( – km)
∥∥xn,m – Tnmxn,m
∥∥ ≤ βn,m( – βn,m)γnm
∥∥xn – Tnm–xn,m–
∥∥ +nm, (.)
it means that ‖xn,m – Tnmxn,m‖ →  and ‖xn+ – xn‖ → . Since
∥∥xn – Tnmxn









by Lemma . and inequality (.), ‖xn – Tnmxn‖ → .
We show limn→∞ ‖un – xn‖ =  and limn→∞ ‖Tnxn – xn‖ = . Let n = tn
∫ tn
 φ(s)un ds,
by inequality (.) and process (.), limn→∞ ‖xn, – q‖ = h. Also
lim
n→∞‖xn, – q‖ = limn→∞
∥















≤ ρ‖xn – q‖ + σ,
and limn→∞ ‖n – q‖ ≤ h and by Lemma ., limn→∞ ‖n – xn‖ = . Since ‖xn, – xn‖ =
βn,‖n – xn‖, then limn→∞ ‖xn, – xn‖ = . Also ‖xn – q‖ ≤ ‖xn – n‖ + ‖n – q‖ and
limn→∞ ‖n–q‖ = h. By inequality (.), ‖un–q‖ ≤ ρ‖xn–q‖ +σ, so lim supn→∞ ‖un–
q‖ ≤ lim supn→∞ ‖xn – q‖ = h. On the other hand, by ‖n – q‖ = ‖ tn
∫ tn
 K(s)un ds– q‖ ≤
‖un – q‖, we have
lim
n→∞‖xn – q‖ = limn→∞‖n – q‖ = limn→∞‖un – q‖ = h,
and by the same argument limn→∞ ‖un – xn‖ = , limn→∞ ‖Tnxn – xn‖ = . For all
≤ r <∞, we note that
∥∥φ(r)xn – xn
∥∥ ≤ ∥∥φ(r)xn – φ(r)n
∥∥ +
∥∥φ(r)n –n
∥∥ + ‖n – xn‖
≤ ‖xn –n‖ +
∥∥φ(r)n –n
∥∥,
by Lemma ., ‖φ(r)xn – xn‖ → . Also by Lemma . we have ‖xn –Tixn‖ →  as n→ ∞
for i = , . . . ,m. Assume that xni → u weakly and xnj → v weakly as n→ ∞. Then u, v ∈ F .
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We prove that u = v. If u = v, by Opial’s condition,
lim









which is a contradiction. Therefore, we have the conclusion. 
Theorem . Suppose that all of the conditions of Theorem . hold. If  <
lim infn→∞ βn,i ≤ lim supn→∞ βn,i <  for all i = , . . . ,m – , limn→∞ βn,m =  and∑∞
n= βn,m =∞, then the sequence {xn}n≥ generated by (.) is strongly convergent to q ∈ F
in B.
Proof By the same argument of Theorem .,
‖xn+ – q‖ ≤
[
( – βn,m)λ + βn,mρmμn
]‖xn – q‖ + βn,m(ρmηn + σm). (.)
Since limn→∞ βn,m =  and limn→∞ βn,m(ρmηn + σm) = , by Lemma . we deduce that
limn→∞ ‖xn – q‖ = . Also limn→∞ ‖xn – Tn,mxn‖ =  for i = , . . . ,m and limn→∞ ‖xn+ –
xn‖ = . 










xn, = ( – βn,)xn + βn, tn
∫ tn
 φ(un, s)ds,
xn, = ( – βn,)xn + βn,Tn xn,,
...
xn,m = ( – βn,m–)xn + βn,m–Tnm–xn,m–,
xn+ = ( – βn,m)ψ(xn) + βn,mTnmxn,m,
(.)
where {βn,i}, i = , . . . ,m, are the sequences in (, ) and φ : B × I → B is an integrable
function and I = [,b]⊂R. We have the following theorem.
Theorem . Suppose that all of the conditions of Theorem . hold. If φ : B× I → B is a
contraction mapping with constant l <  ∈R+ such that for all x, y ∈ B and t ∈ I ,
∥∥φ(x, t) – φ(y, t)
∥∥ ≤ l‖x – y‖.
Also  < lim infn→∞ βn,i ≤ lim supn→∞ βn,i <  for all i = , . . . ,m – , limn→∞ βn,m =  and∑∞
n= βn,m = ∞, then the sequence {xn}n≥ generated by (.) is strongly convergent to q ∈
F =
⋂m
i= F(Ti)∩ F(ψ)∩ F(φ) = φ in B.
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Proof By the same argument of Theorem .,
‖xn, – q‖ =
∥∥




















































≤ ( – βn,)‖xn – q‖ + βn,l‖un – q‖











≤ ( – βn,)‖xn – q‖ + βn,l
[(
 + ςnk + 
)
‖xn – q‖ + υnk + 
]













‖xn+ – q‖ ≤
[
( – βn,m) + βn,mρmμn
]‖xn – q‖ + βn,m(ρmηn + σm). (.)
Since limn→∞ βn,m =  and limn→∞ βn,m(ρmηn + σm) = , by Lemma . we deduce that
limn→∞ ‖xn – q‖ = . 
3 Some examples
In this section, we consider the following examples to illustrate the theoretical results.







+x if x ∈ [,  ],
 if x ∈ (  ,∞),
(.)
where  < k <  . Set B = [,

 ] and B = (

 ,∞). Then, for all x, y ∈ B and n≥ ,























∣ ≤ k|Tx – Ty| ≤ k|x – y|,
then for all n≥ , |Tnx – Tny| ≤ kn|x – y|.
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For all x, y ∈ B and n≥ , |Tnx – Tny| = ≤ |x – y|.
For all x ∈ B and y ∈ B, |Tx – Ty| = | k sinx+x – | ≤ |kx – |,
∣∣Tnx – Tny
∣∣ ≤ ∣∣knx – ∣∣
=
∣








(n–)|x – y| + k






≤ |x – y| +  max









Therefore T : B→ B is an asymptotically  -strict pseudocontractive type mapping in the
intermediate sense.







+x if x ∈ [,  ],
 if x ∈ (  ,∞),
(.)
where  < k <  . Therefore T : B→ B is an asymptotically  -strict pseudocontractive type
mapping in the intermediate sense.
Example . [] Let H = R be the set of real numbers and B = [,∞). Suppose that





kx if x ∈ [, ],
 if x ∈ (,∞),
(.)
where  < k <  . Then T : B → B is an asymptotically  -strict pseudocontractive type
mapping in the intermediate sense.
Example . LetH =R be the set of real numbers and B = [,∞). Consider the following
conditions:
() Tx = x , Tx =
x
 , Tx =
sinx
(+x) and Tx =
x
(+x) ;
() ψ(x) = x , therefore ψ is a contraction mapping with constant λ =

 ;
() βn, = nn+ , βn, =
n
n+ , βn, =
n
n+ and βn, =
n
n+ ;
() φ(s) = e–s and tn = n.
Let {xn} be the sequence deﬁned by (.). So
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n xn n xn
   .× –
 .  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –



























and Fix(ζ )∩ Fix(ψ)⋂i= Fix(Ti) = {}. Set x =  (see Figure ).
Example . Suppose that all of the conditions of Example . hold. Suppose that {xn} is














xn, = n+n+xn +
n
n+Tn xn,,
xn+ = n+n+xn +
n
n+Tn xn,,
and set x =  (see Figure ).
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n xn n xn
   .
 .  .
 .  .
 .  .
 .  .
 .  .
 .  .
 .  .
 .  .
 .  .
Figure 2 The iteration chart with initial value x1 = 1.
The rate of convergence of our approximation is faster than the corresponding one in [].
Example . LetH =R be the set of real numbers and B = [,∞). Consider the following
conditions:
() Tx = x , Tx =
x
 , Tx =
sinx
(+x) and Tx =
x
(+x) ;
() ψ(x) = x , therefore ψ is a contraction mapping with constant l =

 ;
() βn, = nn+ , βn, =
n
n+ , βn, =
n
n+ and βn, =
n
n+ ;
() φ(x, t) = sinxet and tn = n.



























and Fix(φ)∩ Fix(ψ)⋂i= Fix(Ti) = {}. Set x =  (see Figure ).
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n xn n xn
   .× –
 .  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .
 .× –  .
Figure 3 The iteration chart with initial value x1 = 1.
Example . Suppose that all of the conditions of Example . hold. Set βn, = n and let



























and Fix(ζ )∩ Fix(ψ)⋂i= Fix(Ti) = {}. Suppose x =  (see Figure ).
4 Conclusion
The stability of a ﬁxed point iterative procedure was ﬁrst studied by Ostrowski [] in
the case of Banach contraction mappings, and this subject was later developed for certain
contractive deﬁnitions by several authors.
Let (X,d) be a complete metric space, T : X → X be a map and xn+ = f (T ,xn) be an
iteration procedure. Suppose that T has at least one ﬁxed point and that the sequence
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n xn n xn
   .× –
 .  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .× –
 .× –  .
 .× –  .
Figure 4 The iteration chart with initial value x1 = 1.
{xn} converges to a ﬁxed point x∗ ∈ X. We denote the set of ﬁxed points of the mapping T
by F(T). Let {yn} be an arbitrary sequence in X and εn = d(yn+, f (T , yn)). If limn→∞ εn = 
implies that limn→∞ yn = x∗, then the iteration procedure xn+ = f (T ,xn) is said to be T-
stable. If {yn} is a bounded sequence and limn→∞ εn =  implies that limn→∞ yn = x∗, then
the iteration procedure xn+ = f (T ,xn) is said to be boundedly T-stable.
According to the above deﬁnition, Haghi et al. [] studied the T-stability of Picard’s
iteration for generalized φ-contraction mappings on a metric space. Also Olatinwo and
Postolache [] studied the stability for Jungck-type iterative processes in convex metric
spaces.
Now, consider the modiﬁed iteration process (.), one interesting problem is studying
the stability of the iteration scheme {xn} generated by (.).
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